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Abstract
The optimal packings of n unit discs in the plane are known for those
n ∈ N, which satisfy certain number theoretic conditions. Their geometric
realizations are the extremal Groemer packings (or Wegner packings). But
an extremal Groemer packing of n unit discs does not exist for all n ∈ N
and in this case, the number n is called exceptional.
We are interested in number theoretic characterizations of the exceptional
numbers.
A counterexample is given to a conjecture of Wegner concerning such a
characterization. We further give a characterization of the exceptional
numbers, whose shape is closely related to that of Wegner’s conjecture.
1 Introduction
It has been conjectured by L. F. To´th [3], that for any given n ∈ N, the optimal
packing with respect to the convex hull of n discs has to be a subset with n
elements of the hexagonal lattice packing whose convex hull is ”as similar to a
regular hexagon as possible”. In this context it is clear, that a packing is not
optimal, if a further disc fits into the convex hull of the previous discs without
intersecting the interior of at least one of the previous discs. Therefore we will
restrict ourselves to dense packings. Beyond this, it suffices to consider only
unit discs.
Wegner [6] solved the above problem almost completely. But the packing of
n unit discs minimizing the area of the convex hull of the discs is not known
for all n ∈ N. Wegner proved that, in case of existence, the so-called extremal
Groemer packings are optimal and they are the only optimal packings. For n
with n = 1 + 6
(
a
2
)
, the extremal Groemer packing of n unit discs exists and
indeed has the shape of a regular hexagon and there is no other packing with
the same density. (This has been part of To´th’s conjecture.) If there exists an
extremal Groemer packing for some n with n = 1 + 6
(
a
2
)
+ ab + c, then it has
the shape of a degenerated hexagon. In this case, there can be more than one
extremal Groemer packing of n unit discs.
Now a number n is called exceptional, if there is no extremal Groemer packing
of n unit discs. Since the existence of extremal Groemer packings can be formu-
lated as a number theoretic problem, it is natural to ask for a number theoretic
characterization of the exceptional numbers. Moreover, the knowledge of such
a characterization may be useful to describe the geometric shape of the optimal
packings of n unit discs for exceptional numbers n.
Wegner [5] gave a conjecture concerning a number theoretic characterization of
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the exceptional numbers. Bo¨ro¨czky and Ruzsa [1] proved another character-
ization, but surprisingly, they did not compare their results to the results of
Wegner.
We prove here that Wegner’s conjecture is wrong and by means of investigating
the connection between the results of Wegner and Bo¨ro¨czky and Ruzsa, we will
”correct” Wegner’s conjecture.
2 Notations and Preliminaries
We recall some necessary facts and definitions.
Each n ∈ N can be written as
n = 1 + 6
(
a
2
)
+ ab+ c
where the parameters a, b, c ∈ Z have to be chosen maximal in this order. It
then follows that
1 ≤ a, 0 ≤ b ≤ 5 and 0 ≤ c < a .
Set
p0(n) := 6(a− 1) + b+ 1− δ0,b+c
where δ denotes the Kronecker symbol.
A packing of n ∈ N unit discs B2 in Euclidian space R2 is denoted by Cn +B2,
where Cn is the set of the centers of the discs. A packing Cn + B
2 is called a
Groemer packing, if the elements of Cn form a, not necessarily regular, hexagon
in R2. Let conv(M) denote the convex hull of a set M and ∂M its boundary.
For a Groemer packing Cn + B
2, a disc B2 ⊂ Cn + B2 is called a boundary
disc, if ∂B2 ∩ ∂(conv(Cn +B2)) 6= ∅. Now let p(Cn +B2) denote the number
of boundary discs of Cn + B
2. Wegner proved p(Cn + B
2) ≥ p0(n) for each
Groemer packing. If equality holds, the Groemer packing is called extremal (or
a Wegner packing). Combining the results of [4] and [2], one gets
p0(n) =
⌈√
12n− 3
⌉
− 3 . (1)
For n not too small, each set conv(Cn) related to a Groemer packing Cn + B
2
has six sides, that means there are six line segments containing the centers of
the boundary discs. For each of those line segments, let pi, 1 ≤ i ≤ 6, denote
the number of centers lying on that line segment. Then one gets a sequence
p1, . . . , p6, called the boundary sequence of the packing. The boundary sequence
is uniquely determined by the packing up to cyclic permutations.
Now pi + pi+1 = pi+3 + pi+4 and a simple consideration shows
n = (p1 + p2 − 1)(p3 + p4 − 1)−
(
p1
2
)
−
(
p4
2
)
(2)
and for extremal Groemer packings, one also has
p0(n) = p1 + 2p2 + 2p3 + p4 − 6 . (3)
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For each Groemer packing Cn + B
2 with n = 1 + 6
(
a
2
)
+ ab + c and b and c
not both equal 0, the numbers p1, . . . , p6 have to satisfy the following conditions
(see [6], page 6):
a− 1
2
≤ pi ≤ 2a− c . (4)
So an extremal Groemer packing Cn+B
2 exists if and only if there are natural
numbers p1, . . . , p4 with (2), (3) and (4). Those n ∈ N, for which no extremal
Groemer packing exists, are called exceptional numbers. In [5], Wegner gives
the following
Conjecture 2.1 (Wegner) A number n ∈ N is exceptional if and only if the
parameters a, b, c satisfy one of the following conditions:
i) b = 2 and a− c ≡ −6m mod 9m+1 for m ∈ N0
ii) b = 5 and a− c ≡ 6 · 9m mod 9m+1 for m ∈ N0 .
In [1], Bo¨ro¨czky and Ruzsa prove the following
Theorem 2.2 (Bo¨ro¨czky and Ruzsa) A number n ∈ N is exceptional if and
only if ⌈√
12n− 3
⌉2
+ 3− 12n = (3k − 1)9ℓ
for some k, ℓ ∈ N.
3 A counterexample to the Wegner conjecture
Proposition 3.1 The Wegner conjecture is wrong in general.
Proof
We refer to part i) of conjecture 2.1. Let b = 2 and choose m = 2. Then we
have
a− c ≡ −12 ≡ 717 mod 93 .
Now for a = 717 and c = 0 we obtain
n = 1 + 6
(
a
2
)
+ ab+ c = 1541551
and condition i) claims that this is an axceptional number.
By computer-aided calculation, we find (beside other solutions)
p1 = 702, p2 = 717, p3 = 714 and p4 = 741 .
The pi’s satisfy (2), (3) and (4), so n = 1541551 is no exceptional number. 
It can be checked by an easy calculation, that there are no k, ℓ ∈ N so that
the equation from Theorem 2.2 holds for n = 1541551, so this number is not
exceptional in the sense of Bo¨ro¨czky and Ruzsa. In particular, conjecture 2.1
and theorem 2.2 are not equivalent.
Now we give a characterization of the exceptional numbers similar to the Wegner
conjecture by using the result of Bo¨ro¨czky and Ruzsa.
For the sake of notation, let
∑k
i=j ai = 0 for k < j ∈ Z.
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Proposition 3.2 A number n ∈ N is exceptional if and only if the parameters
a, b, c satisfy one of the following conditions:
i) b = 2 and a− c ≡ −6m mod 9ℓ ,
where m =
ℓ−2∑
i=0
9i
for ℓ with 9ℓ(3k − 1) = 12(a− c)− 9 ,
ii) b = 5 and a− c ≡ 6 · 9ℓ−1 mod 9ℓ ,
for ℓ with 9ℓ(3k − 1) = 12(a− c) .
Proof
The numbers n = 1+6
(
a
2
)
are not exceptional, so let b and c be not both equal
to 0.
From Theorem 2.2 it follows with (1) that n ∈ N is exceptional iff
9ℓ(3k − 1) = 12(a− c) + (b − 2)2 − 9 (5)
for some k, ℓ ∈ N.
I) Let n be an exceptional number. Equation (5) modulo 3 yields b = 2 or
b = 5, since 0 ≤ b ≤ 5.
i) Let b = 2. Then
4(a− c) = 9ℓk − 3(9ℓ−1 − 1) ,
therefore k = 4z for some z ∈ N. Hence a direct computation shows
a− c = 9ℓz − 6
ℓ−2∑
i=0
9i .
Now let m :=
∑ℓ−2
i=0 9
i.
ii) Let b = 5. Then
12(a− c) = 9ℓ(3k − 1) ,
hence 3k − 1 ≡ 0 mod 4 and so k ≡ 3 mod 4. We write k = 4z + 3 for some
z ∈ N0. That yields
a− c = 9ℓz + 6 · 9ℓ−1 .
II) Let a, b, c satisfy condition i) or ii). We show that they yield exceptional
numbers.
i) Let b = 2 and a− c ≡ −6m mod 9ℓ.
For ℓ, z ∈ N, there is a k ∈ N with
−8
ℓ−2∑
i=0
9i + 12 · 9ℓ−1z − 1 = 9ℓ−1(3k − 1) .
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This is easily seen by induction.
We write a− c = −6m+ 9ℓz for some z ∈ N. Then
(p0(n) + 3)
2 + 3− 12n = 9(−8
ℓ−2∑
i=0
9i + 12 · 9ℓ−1z − 1)
= 9ℓ(3k − 1) .
This is equation (5) with b = 2.
ii) Let b = 5 and a− c ≡ 6 · 9ℓ−1 mod 9ℓ. We write a− c = 6 · 9ℓ−1 + 9ℓz for
some z ∈ N0 and get
(p0(n) + 3)
2 + 3− 12n = 9ℓ(3(4z + 3)− 1) .
This is equation (5) with b = 5 and k := 4z + 3. 
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